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WHY IT IS IMPOSSIBLE TO TRISECT AN ANGLE 

OR TO CONSTRUCT A REGULAR POLYGON OF 

7 OR 9 SIDES BY RULER AND COMPASSES 

PROFESSOB LEONARD EUGENE DICKSON 
Univebsity op Chicago 

1. Introduction. — An alert student of geometry who has 
learned how to bisect any angle is apt to ask if every angle 
can be trisected, and, if not, why not. After learning how to 
construct regular polygons of 3, 4, 5, 6, 8 and 10 sides, he will 
be inquisitive about the missing ones of 7 and 9 sides. The 
teacher will be in a comfortable position if he knows the facts 
and what is involved in the simplest discussion to date of 
these questions. 

There is a valid reason why such a discussion is omitted 
from texts on geometry, which record simple constructions 
which have been found to be successful. It should be ex- 
pected to be. beyond a beginner to follow a proof that a pro- 
posed problem for construction is impossible, since such a 
proof must cover the infinite number of conceivable construc- 
tions, one of which might be successful. 

Accordingly our first step is to formulate our geometric 
problems in algebraic language. For each of the problems, as 
well as for the famous problem of the duplication of a cube, 
we shall be led to a cubic equation. Our final step is to prove 
and apply a general theorem concerning cubic equations. 

2. Duplication of a cube. — We take as the unit of length 
a side of the given cube, and seek the length a; of a side of the 
required cube whose volume shall be double the volume of the 
given cube. Hence, 

(1) a? 3 = 2. 

3. Trisection of an angle. — Given an angle A and hence the 
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218 THE MATHEMATICS TEACHES. 

(.4/3). We employ the well-known trigonometric identity 

cos 4 = 4 cos 3 - — 3 cos — • 
o o 

Multiply each member by 2 and write x for 2 cos (A/3). 
Thus 

x 3 — 3aj = 2 cos A. 

We are to prove that an arbitrary* angle A can not be tri- 
sected by ruler and compasses. It suffices to prove this for the 
angle ^4 = 120°. Then cos A = — y 2 and the cubic equation 
becomes 

(2) X s — Zx = — 1. 

4. Regular polygons of 7 and 9 sides. — The angle at the 
center subtended by a side of a regular polygon of 9 sides is 
360°/9=40°. The construction of an angle of 40° is equiva- 
lent to the trisection of angle 120°, which, as we just saw, 
depends upon the cubic (2) . 

The construction of a regular polygon of 7 sides is equiva- 
lent to the construction of an angle B containing 360/7 de- 
grees and hence to the construction of a line of length cos B. 
Since 7 B = 360° , cos 3 B = cos 4 B. But 

cos 3 #==4 cos 3 B — 3 cos B, 
cos 4 B = 2 cos 2 2 5 — 1 = 2(2 cos 2 B — l) 2 — 1. 

Writing * for 2 cos B, we get 

2cos3 B = x s — Zx,2 cos 4 B= (x 2 — 2) 2 — 2. 

Equating these values, we obtain 

o = x* — x 3 — 4i» 2 + 3 a> + 2=(aj — 2) {x 3 + x 2 — 2 x — 1). 

But x — 2 would give cos 5 = 1, whereas B is acute. Hence 

(3) x 3 + x 2 — 2x — 1=0. 

5. Our cubic equations have no rational roots. — Suppose 
that equation (2), for example, has the rational root n/d, 
length cos A of the adjacent leg of a right triangle whose 

* Certain angles, like 180° and 90°, can be trisected. For A = 180°, 
A/3 = 60°, cos A= — 1, cos (A/3)—i, and our equation becomes 
a? — 3a; = — 2, and has the root x = l. The fact that 180° can be tri- 
sected is explained by the fact that the cubic equation has the rational 
root 1. 
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hypotenuse is the unit of length, we seek a line of length cos 
where n and d are whole numbers without a common factor 
> 1. Then 

so that n 3 /d is a whole number. Thus, if d =j= ± 1, n and d 
have a common divisor > 1, contrary to hypothesis. Hence 
d= ± 1 and the root is a whole number. But if a root x of 
(2) is a whole number, it divides the left member of (2), 
giving the quotient x 2 — 3, which is a whole number ; hence it 
must divide the right member, — 1, so that x = 1 or — 1. By 
trial, neither 1 nor — 1 is a root of (2). Hence (2) has no 
rational root. 

This discussion applies also to equation (3). In the case of 
equation (1), we must try also the divisors 2 and — 2 of the 
constant term. We thus see that no one of the cubic equations 
(1), (2), (3) has a rational root. 

6. Theorem. — It is not possible to construct by ruler and 
compasses a line whose length is a root or the negative of a 
root of a cubic equation with rational coefficients having no 
rational root. 

We begin by investigating the nature of a positive number 
p such that a line of length p can be constructed by ruler and 
compasses. The ends of this line, as well as other points 
located in the course of the construction, are determined as 
the intersections of auxiliary straight lines and circles. Con- 
sider the equations of these lines and circles referred to a fixed 
pair of rectangular axes, the y-axis not being parallel to any 
of our straight lines. The equation of any one of our lines is 

(4) y = mx-\-b. 

Let y = m'x + b' be another of our lines which intersects 
(4) . The coordinates of their point of intersection are 

b'-b mb'-m'b 

x = -, y = r , 

m — m m — m 

which are rational functions of the coefficients of the two lines. 
To find the coordinates of the intersections of (4) with the 
circle 

0» — e)*+(y— fY=r* 
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of radius r and center (e, /), we eliminate y and obtain a 
quadratic equation for x. Thus x, and hence also y, involves 
no irrationality other than a square root in addition to the 
irrationalities which already occurred in m, o, e, f, r. 

Finally, the intersections of two circles are given by the 
intersections of one of them with their common chord, so that 
this case reduces to the preceding. 

Hence the coordinates of the various points located by the 
construction, and therefore also the length p of the segment 
joining two of them, are found by a finite number of rational 
operations and extractions of real square roots, performed 
upon rational numbers or upon numbers obtained by such 
operations. 

For example, a side of a regular pentagon inscribed in a 
circle of radius unity is of length 

( 5 )- I- VlO-2 VS. 

This point settled, consider a cubic equation with rational 
coefficients and having a root x x such that a line of length x t 
or — x 1 (according as x x is positive or negative) can be con- 
structed by ruler and compasses. "We shall prove that one of 
the roots of the cubic is rational. Suppose that x t is irrational, 
since otherwise there is nothing to be proved. 

Since a line of length ± x x can be constructed, we saw that 
x x is obtained by rational operations and extractions of real 
square roots. It may involve superimposed radicals like (5). 
A two-story radical r like (5), which is not expressible ration- 
ally in terms of a finite number of square roots of rational 
numbers, is called a radical of order 2. But 

V4-2V3"= V3-1 
is a radical of order 1, not 2, and similar simplifications are 
assumed to be made whenever possible. In general, an w-story 
radical, having n superimposed radicals, is said to be of order 
n if it is not expressible rationally in terms of radicals each 
with fewer than n superimposed radicals. 

Finally, if a>, involves VB, y/l and yl~5, we replace yi5 by 
V3-V5. Similarly, if x 1 =r— 7 s, where r has the value (5) 
and 

s=l V 10 + 2V "6, 
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so that r8=^5, we agree to express x t in the simpler form 
x 1 =r — 7 y/5/r, involving a single radical of order 2. 

In view of these agreements, no one of the radicals of high- 
est order n in x t equals a rational function with rational co- 
efficients of the remaining radicals of order n and radicals of 
lower order, while no one of the radicals of order n — 1 equals 
a rational function of the remaining radicals of order n — 1 
and radicals of lower order, etc. 

Let yk be a radical of highest order n in x x . Then 

a-ffeVT 

Xl ~ 7~n=> 

c + d^k 

where a, b, c, d do not involve yjk, but may involve other rad- 
icals of order n, as well as radicals of lower order. If d =0, 

(6) Xl = e + fVk (/+0), 

where neither e nor / involves V&. If d=%=0, we multiply the 
numerator and denominator of our fractional expression for 
x.y by c — d V&5 which is not zero since yfk=%=c/d in view of 
our agreements above. Hence whether d=0 or d=$=0, we 
obtain (6). 
By hypothesis, a? x is a root of a cubic equation 

(7) % 3 + a X 2 + (S X+y = 

with rational coefficients o, £, y. Expanding the powers in 

(8) (e + f ^k)* + a(e + f y/k)* + p(e + f yjk) + v , 

replacing the square of yjk by h, and collecting terms^ we evi- 
dently obtain an expression of the form A -\- B V k, where 
neither A nor B involves y/k. Hence A-{-B y/k = 0. If 
Z?=4=0, we would have yjk expressed as a rational function 
— A/B of the radicals other than \Jlc in »» contrary to our 
agreement. Hence B = 0, therefore A=0. Since (8) re- 
duced to A + b y£> 

(e — fVk) 3 + «(e-fVk) 2 + fi(e — fVk)+ y 
reduces to A — B y/k = 0. In other words, 

(9) x 2 = e—fy/k 
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is also a root of our cubic equation (7). It is distinct from 
the root (6) since /=t=0. As is well known, the sum of the 
three roots of (7) equals — o. Hence the third root is 

(10) x 3 = — o — x x — x 2 = — o — 2e. 

By hypothesis, o is rational. We shall prove that e is also 
rational, so that the root x 3 is rational, and our theorem will 
be proved. 

Suppose that e is irrational. Since e is a component part of 
a number (6) which can be constructed by ruler and compasses, 
we know that it involves no irrationalities other than real 
square roots. Let, therefore, \/s be one of the radicals of 
highest order in e. Applying to e the argument which led to 
(6), we have e = e' + /' y/s and hence, by (10), 

x 3 =g + hyfs (^=(=0), 

where neither g nor h involves y/s. By the argument which 
led to (9), we see that g — h yl is a root, distinct from x 3 , of 
our cubic (7). Since a cubic can not have four distinct roots, 
this fourth root must be identical with x t or x 2 . Thus 

(11) e±fy/lc=g — hy~8. 

But V s a n( i all the radicals appearing in g, h and s occur in 
x s = — o — 2e, and hence occur in e, since a is rational. Hence 
(11) enables us to express y/k rationally in terms of the radi- 
cals occurring in e and /. This is contrary to the hypothesis 
made concerning x^ and \/k. 

7. Conclusion. — We saw that each gf the problems to dupli- 
cate a cube, trisect an angle, and construct a regular polygon 
of 7 or 9 sides, each by ruler and compasses, led to a cubic 
equation (1), (2) or (3) with rational coefficients and having 
no rational root. It follows from our preceding theorem that 
each of these problems is impossible. 

It can be proved by a suitable modification of the above dis- 
cussion that it is impossible to construct by ruler and compass 
a regular polygon of n sides if n is divisible by any prime not 
of the form 2* -)- 1 or if n is divisible by the square of any 
prime exceeding 2. The only possible values of n are there- 
fore 2' p x p 2 . . ., where p u p 2 , . . . are distinct primes 3, 5, 
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17, 257, ... of the form 2* + 1- Conversely, when n is of this 
necessary form, the polygon can be constructed. A proof of 
this theorem is given in the writer's article in Monographs on 
Modem Mathematics, Longmans, Green and Co., 1911. Since 
it is desirable that such important results should be proved by 
at least two wholly different methods, it is in place to cite the 
very brief, but more advanced, proof by group theory in 
Miller, Blichfeldt, and Dickson's Theory and Applications of 
Finite Groups, Wiley and Sons, 1916, pp. 320-6. 



